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Abstract: A dynamical fuzzy space might be described by a three-index variable C a b°, 
which determines the algebraic relations f a fb = C a b C f c among the functions /„ on the 
fuzzy space. A fuzzy analogue of the general coordinate transformation would be given 
by the general linear transformation on f a . I study equations for the three-index variable 
invariant under the general linear transformation, and show that the solutions can be 
generally constructed from the invariant tensors of Lie groups. As specific examples, I 
study SO(3) symmetric solutions, and discuss the construction of a scalar field theory on 
a fuzzy two-sphere within this framework. 
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1. Introduction and a general proposal 

Several thought experiments in semi-classical quantum gravity and string theory 
suggest that the classical notion of space-time in general relativity should be replaced with 
a quantum one in quantum treatment of space-time dynamics. An interesting candidate is 
given by the non-commutative geometry or the fuzzy space pfl- fllOp . The central principle of 
general relativity is the invariance under the general coordinate transformation. It would 
be obviously interesting if a fuzzy space can be obtained from formulation invariant under 
a fuzzy analog of the general coordinate transformation. This kind of formulation would 
lead to fuzzy general relativity, which may describe the gravitational dynamics and the 
evolution of the universe in terms of dynamical fuzzy spaces 1 . 

A fuzzy space is characterized by the algebraic relations f a fb = C a b c f c among the func- 
tions f a on the fuzzy space. Therefore it would be a natural assumption that a dynamical 
fuzzy space can be described by treating the three-index variable C a b c dynamically. It will 
be argued in the following section that a fuzzy analog of the general coordinate transforma- 
tion is given by the general linear transformation on f a . Thus the central proposal of this 
paper is that dynamical fuzzy spaces are described by equations for C a b° invariant under 
the general linear transformation. 

In the following section, a fuzzy analog of the general coordinate transformation will 
be discussed and the general form of the models will be proposed. In Section ||, it will be 
shown that the solutions to the equations can be constructed from the invariant tensors of 
Lie groups. In Section |], the Lie group will be specified to SO(3), and some series of the 
solutions will be explicitly constructed. In Section ||, I will discuss the construction of a 
scalar field theory on a fuzzy two-sphere by using the result in the preceding section. The 
final section will be devoted to discussions and comments. 
1 The present author considered evolving fuzzy spaces in jll)-p3|. 
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2. A fuzzy general coordinate transformation and the general form of the 
models 

Let me first review the general coordinate transformation in the usual commutative space 
R d . A basis of the continuous functions on R d can be given by 

{l,x i ,x i x j ,x i x j x k ,---}, (2.1) 

where x i (i = 1, • ■ ■ , d) are the coordinates of R d . Let f a with an index a denote these inde- 
pendent functions in the set. A continuous function on R d is given by a linear combination 

Of fa- 

Let me consider a general coordinate transformation, 

x' l = f\x). (2.2) 

It is a natural restriction that the coordinate transformation is not singular, and is invert- 
ible. Since the right-hand side is a continuous function, the general coordinate transforma- 
tion can be represented by a linear transformation, 

x H = Mffa, (2.3) 

where Mj a are real. 

Let me now consider a fuzzy space with a finite number of independent functions 
f a (a = 1, ■ • • , n) on the fuzzy space. This is a fuzzy space corresponding to a compact 
space in usual continuous theory. I assume that all the f a denote real functions on a fuzzy 
space, and that the variable C ao c , which determines the algebraic relations f a f b = C a b C f c , 
is real. I do not assume the associativity or the commutativity of the algebra, so that C ab c 
has no other constraints. 

An important assumption of this paper is to interpret the transformation rule ( |2.3] ) as 
a partial appearance of a more general linear transformation, 

fa = M a b f b , (2.4) 

where M a b can take any real values provided that the matrix M a b is invertible, which comes 
from the assumed invertibility of the coordinate transformation d2.2|) . Therefore the fuzzy 
general coordinate transformation of this paper is given by the GL(n,i?) transformation on 
f a . Under the transformation ( |2.4[ ), the three- index variable C ao c transforms in the way, 

C' ab C = M a a 'M h v C a , v d {M- x ) d c . (2.5) 

I impose that the equations of motion for C ab c must be invariant under this GL(n,i?) 
transformation . 

For convenience, let me introduce a graphical expression. The three-index variable 
C a b c can be graphically represented as in Fig.0 
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An example of an invariant equation of motion is given by 



^ia ^jb ^kc ~r ^ai ^cj M 



J bk 



0. 



(2.6) 



which is graphically represented in Fig. It is clear that such 
invariant equations of motion can be made in infinitely many 
ways. 

In the next, let me discuss the construction of an action. 



From the transformation property (2.5), the lower and upper in- 
dices must be contracted to make an invariant under the GL(n,R) 
transformation. Since an action must be invariant and C a b c has 
more lower indices than upper, it is necessary to introduce an 
additional variable which has more upper indices to construct an 
invariant action. A way to achieve this is to define such a variable 
from the C a b c itself. For example, one can define 




which has two upper indices. 

This procedure, however, will not work when 
the matrix in the parentheses in fl2.7| ) is not in- 
vertible, and will also let an action be a compli- 
cated function of C a b c . Therefore, rather than 
defining a quantity like ( [2.7D from the begin- 
ning, I simply introduce a new variable with 
upper indices g ab and assume it be determined 
from the equations of motion derived from an 
action. I impose its reality and the symmetry 
of the two indices, 



(2.7) 



a 



Figure 1: The graphical 
representation of C a b C - 
The orientation shows 
whether the associated 
index is a lower or upper 
one. The order of a and 
b can be also read in the 
diagram. 
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Figure 2: The graphical representation of 

The oriented 



the example equation (2.6). 
lines connecting vertices represent the con- 
tracted indices. 



9 



9 



ba 



(2. 



The grahical representation of g ab is given in Fig.|3[ 

Thus an invariant action is a function of the two dynamical real 
variables g ab and C a b c , 

S(g ab ,C ab c ), (2.9) 

where all the indices are contracted. The graphical representation of 
an invariant action is a closed diagram with oriented lines connecting 
blobs and three- vertices. 



a- 



< • > 



Figure 3: The 

graphical represen- 
tation of the vari- 
able g ab . 



3. The classical solutions to the equations of motion 

The quantum mechanical treatment of the model presented in the previous section would 
be obviously very interesting, but in this paper I restrict myself to the classical solutions 
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to the equations of motion derived from the invariant action (|2,9| ). Let me suppose that 
the equations of motion for C ab c , 

dS , . 

are satisfied at C ab c = C° fe c : , g ab = <7g fe . For simplicity, let me assume g^ b is invertible as 
a matrix. At the general values of C ab c and g ab , the invariance of the action under the 
G~L(n,R) transformation implies 

where 5g ab and 5C ab c are the infinitesimally small GL(n,R) transformation of g ab and C a b c , 

5g ab = -5Mi a g lb - 5Mi b g ai , 
5C ab c = 5MjC lb c + 5M b l C ai c - SMfCj, (3.3) 



where 5Mi a can take any infinitesimally small real values. At the solution to ( |3.1| ), C ab 

C° ab C , 9 ab =9t\ S becomes 



J)M a n ib -^L 
6Ml 90 dg"t> 



= 0, (3.4) 

9=90 
C=C° 



where I have used (|2.^ ), ( |3.1| ) and ( |3.3|) . Therefore, since 5Mi a is arbitrary and gfQ 6 is 
invertible, 

dS . . 

(3.5) 



o6 



9=90 
C=C° 



are satisfied. This means that the equations of motion for g ab are always simultaneously 
satisfied when the equations of motion for C ab c are satisfied. Therefore it is enough to 
consider only the equations of motion fl3.1| ) to find the classical solutions, provided g ab is 
invertible. 

Now let me consider a Lie group which has a representation of dimension n. The 
representation can be either reducible or irreducible. Let me embed the representation into 
a classical solution: The lower index of a classical solution is assumed to be transformed in 
the representation, while the upper one in the inverse representation. In fact, the following 
discussions do not depend on whether the representation is real or complex, provided that 
the invariant tensors considered below are real. Let g$ b be a real symmetric rank-two 
invariant tensor under the inverse representation. I assume the tensor g$ b is invertible as a 
matrix. Let me introduce I" b c (a = 1, 2, • ■ ■ , N), which span all the real tensors invariant 
under the same transformation property as C® b °. Let me assume C® b c is given by a linear 
combination of these invariant tensors, 



Cab — ^o.Iab C i (3-6) 

where A a (a = 1, 2, ••■ ,N) are real coefficients. Since the action is obviously invariant 
under the transformation of the Lie group, the left-hand side of (|3.1| ) becomes a real invari- 
ant tensor when g ab and C ab c are substituted with the invariant tensors above. Therefore, 
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after exchanging the upper and lower indices by using gff and its inverse g® b , the left-hand 



side of (3.1) can be expressed as a linear combination of I^ b c , 



ck 
9ai9bj% 



dS 



da, 



B a (At,A 2 ,--- ,A N )i; 



ab ) 



(3.7) 



9=90 
C=C° 



where B a (Ai, A 2 , • • • ,A n) are some functions of Ai,A 2 ,--- ,An, which are determined 
from the specific form of the left-hand side of (|3.1| ). Therefore the equations of motion 
( |3.1| ) are reduced to the following simultaneous equations for A\ , A 2 , • • ■ , An , 

B a (A 1 ,A 2 ,--- ,A N ) = 0, (a = l,-.. ,JV). (3.8) 

These equations are much easier to solve than ( |3.1| ). Since the numbers of the variables 
and the equations are the same, the simultaneous equations (|3.8[ ) will generally have some 
number of solutions. The solutions are generally complex, but real solutions can be actually 
found in some interesting cases. 

4. Explicit solutions for SO (3) 

The Lie algebra of SO (3) is given by 

[J Z ,J±]=±J±, [J+,J_]=2J Z , (4.1) 
and an irreducible representation labeled with an integer spin j can be explicitly given by 

Jz\j,m) = to \j,m), 



J±\j,m) = yjjij + 1) - m(m± 1) \j,m± 1). 



(4.2) 



It is convenient to associate the index of the model with a pair (j, to), where j is the spin, 
and to the J z eigenvalue (to = — j, — j + 1, • • • , j). The above representation of SO(3) is 
generally complex but the invariant tensors can be taken real, 



9o 



°hj2"rni -m 2 



(-1) 



mi 



(jl>"u) 0'2,m 2 ) 0'3,m3) 



31 32 33 

m\ m 2 to 3 



(4.3) 



where the right-hand side in the second line is the 3j-symbol |L4], 15 1. These invariant 
tensors are essentially unique when the spins of the representations are given. 

Let me consider a representation given by the direct sum of a number of the irreducible 
representations. Here I consider the case that each irreducible representation appears at 
most once in the direct sum. Then the ansatz ( |3.6| ) becomes 

(4.4) 



^Cn.WH) 0'2,m 2 ) (ja,m 3 ) A(ji,j 2 ijs) I(j 1>mi ) (j 2 ,m 2 ) {h,m 3 )i 



where the spins j{ must be contained in the representation. Since the 3j-symbol has the 
cyclic symmetry 1 — > 2 — > 3 — > 1, this is also imposed on A{j\, j 2 , j'3). It is assumed that 
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)32i3'&) vanishes if ji do not satisfy the triangle inequalities because /(j liJTll ) (j 2 ,m,2) {j3,rn^) 
vanishes identically. 



The 3j-symbol satisfies the identity, 



^(_l)E?=i k+Mi 
Mi 



Mi -M 2 m 3 



h h 3l 
M 2 -M 3 m 1 



k h 32 
M 3 -Mi m 2 





32 




31 32 h 1 




m 2 


m 3 J 


[ h h h J 



nO 

C/i> m i) (J2,m 2 ) (J3,m 3 ) 



31 32 33 
mi m 2 m 3 



where {:::} denotes the 6j-symbol. This identity can be used to compute 

n o _ r<Q r<0 Ji' „kk' 

u abc — ^ail^bki'^cl'k'% % % 

in Fig.[|, where the roman indices abbreviate the pairs (j,m). The result is 

i I 12 3 1 



In the above derivation I have also used the property that 
the 3j-symbol in (|4.3| ) changes its sign by (— l)Ei=i^ ; when 
a pair of the rows are interchanged. Let me consider the 
equations of motion, 



(4.5) 



(4.6) 



(4.7) 



Cabc ~ dDabc 



0. 



(4.8) 




where g is a real coupling constant. The graphical representa- 
tion is given in Fig.|5[ The action which leads to the equations 

of motion (4.8) can be constructed in several ways. This will Fig ure 4: The graphical 
not be discussed here, because the classical solutions are the re P resen tation of D abc . The 
. . . , . „ , , /Tr^h i arrows can be neglected, be- 

mam interest m this paper. rrom the result ( |4,7| ), the equa- 
tions of motion are reduced to 



cause C° hc in (14) has the 
cyclic symmetry. 



A(j ll]2 ,j 3 )-gY,(-^ Uh+n I jj ^ 3 * [A{ji,l3,l2)A(j 2 ,h,l 3 )A(j 3 ,l 2 ,h) = 0. (4.9) 



A series of the solutions to ( [4.9[ ) parameterized by a spin parameter L can be con- 
structed in the following way. The 6j-symbol satisfies the identity, 



^(-IjES-xfcJJ^ + i) 

L i=l 



31 32 33 
h h h 



31 h h 
b a 2 a 3 



b a 3 a\ 
(26 + l)(-l) fe+ ELi a >+^ 



32 h h [ J 33 h h 
b a\ a 2 



3i 32 33 
a% a 2 a 3 



(4.10) 
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Therefore, 



7(2L+T)5 



n v^ji + 1 




9 



= 



is the solution to flfJJ) for any given spin L. Note Figure 5: The equations of motion (j4J). 
that Vjj < 2L for A(ji,j2, j'3) to be non-zero, be- 
cause the six arguments of the 6j-symbol must be 
the edge lengths of a tetrahedron. Therefore the 

solution ( pi] ) can be embedded in a finite-dimensional model where the index of the model 
runs over (j, m) (j = 0, 1, • • • , 2L; m = -j, -j + 1, • • • , j). 

I will now discuss another series of the solutions which will be used in the construction 
of a scalar field theory on a fuzzy two-sphere. The only non- vanishing components of C®^ 
are assumed to be 



u (l,mi) (L,m 2 ) 



(L,m 3 ) 




L ' 



(L,-m 3 ) (L,m 3 ) 
#0 > 



(4.12) 



where L is a given spin and A is a real coefficient, which will be determined from the 
equations of motion. The rank-two symmetric tensor <7q 6 is as before. The index of the 
model runs over (l,m) (m = —1,0,1), (L,m) (m = —L,—L + 1, • • • ,L). The cyclic 
symmetry for the indices of C® b c is not imposed this time, and C® b c are non-zero only when 
its first index has a spin one and the others a spin L. The equations of motion considered 



arc 



Cab - gCa^Cki'" C k ' c / J g u gjj'g kk gwg 



0. 



(4.13) 



where g is the coupling constant and g a b is the inverse of g ab . Note that the invertibil- 
ity of g ab must be assumed from the beginning in defining this model. The graphical 
representation is given in Fig.|6|. 



An action which leads to the equations 



of motion (4.13) can be constructed, for 
example, by summing the squares of the 
equations of motion with appropriate con- 
tractions of the indices by g a b, g ab . Using 
the identity ([4.5|), it can be shown that 
( 4.12 ) is actually a solution to ( 4.13; ) if 



.4 




1 L(L + 1)(2L + 1) 
g(L* + L-l) 



(4.14) 




= 



Figure 6: The equation of motion ( 4.1 3| ) . The 
blobs with arrows in the inverse directions to Fig.|| 
represent g a b, the inverse of g ab . 
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5. A scalar field theory on a fuzzy two-sphere 



In the continuum case, the spherical harmonic functions give the independent functions 
on a two-sphere. They are labeled with the SO(3) indices (j,m), where the SO(3) is the 
rotational symmetry in the three-dimensional Euclidean space embedding the two-sphere. 
In the discussions in Section ||, f a denotes the functions on a fuzzy space. Therefore it 
would seem reasonable to consider the solutions (|4.4j), ( [4.11 ) to represent the fuzzy two- 



sphere, because the ranges of the indices match between the spherical harmonics and the 
model. But I have not succeeded in this direction. The main reason for this failure is that 
it is difficult to obtain the spectra of the Laplacian + 1) from the solutions (|4.4|), 

(4.11). For example, using the properties of the 2>j- and 6j-symbols, one finds 

r o r o Jek'W _ 1 „0 re. i\ 

where the spins of a, b < 2L. There is no dependence on j in (|5.1|). I have computed some 
other invariants, but have not found the appropriate dependence on j. 

A way to construct successfully a scalar field theory on a fuzzy two-sphere can be 
obtained from the solutions ( 4.12|) , ( 4.14 ). This construction is almost similar to the 



original one [Id]. In the paper [16], the kinetic term of a scalar field theory is obtained 



from the quadratic Casimir. The generator Jj of SO(3) in the spin L representation has 
two spin L indices and a spin 1. This index structure is the same as mi ) m2 ) ' 
and the kinetic term can be constructed in a similar way. An extra issue in the present 
model is that the indices contain (l,m) as well as (L,m). It must be checked that the 
scalar field components with these extra indices do not destroy the wanted spectra. 
Let me consider the following four-index invariant, 

jsa'b _ ^0 a '^0 b ii' (KO\ 

shown in Fig. [/]. 

This invariant can be regarded as an operator on (if, i 

b a < i < a 

Kfyt, (5-3) 



where 0? will be identified as a scalar field on a fuzzy two-sphere. 

Since the only non- vanishing components of C® b ° are (4.12), the \) ^~ 



T 

> 1 > 



operator Ky^ is non-trivial only on ^^'^j, while it vanishes on 
^[x'm^y ^(i'roa)' ^(lm')' From the composition rule of two spins, ^^^a'J^JI^ 10 quan 
the scalar field fi^'ml) can ^ e decomposed into the components 

with total spins J = 0, 1, • ■ ■ , 2L. The scalar field with a total spin J has the components, 
By using the following identities of the 3j- and 6j -symbols, 



h,m h 



h Ji h\ I ji J\ h \ I n h h 
J2 32 f\ I mi Mi -raj lm 2 M 2 m h 
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= (-i)- +Ji E(- 1 ) m/ ( J1 32 f ) (m m f )' ^ 

^ \rn\ rri2 ~ m f J \J^l ^2 m f J 

and 

E ( 31 32 M " ) ( 31 32 j ' 3 ,)=^5 j3r 5 m3m ,, (5.6) 

„ V mi 1712 ms J \ mi 1712 m 3 / 2 n + 1 nH 3 3 

one can show that (ftj, m is an eigen vector of the operator Ky^, 

KfiMj, m )t = (-i) j a> |^ L L ^| (* Jim # = J(J 2 +^; 2 /l L + 1) (^ m )g:. (5.7) 

Let me define the kinetic operator K by 

f>a'b _ u a'b , Mj; + 1) m'6 /c o\ 

A b'a — A 6'a + _|_ £ _ 1) Va ' O 5 / 

where denotes the identity operator, whose graphical representation is shown in Fig.|| 

a' « — a 



The spectra of the operator K in the <^'^j sector are given j 
by J(J + l)/2g{L 2 + L - 1) (J = 0, 1, • • • ,2L). This is the spec- 
tra of a massless free scalar field on a fuzzy two-sphere of a size 

^2g{L 2 +L- 1). The fields in the other sectors ^J^, ^fc). ' > 6 

^^' mi | obtain a mass of approximately \/l/o on account of the _ „, ,, 

(!. m 2) Figure 8: The iden- 



identity operator in (|5.8|). These fields components can be physi- ^ operator I a ' b 
cally decoupled by regarding g to be small enoug h 2 . 

6. Discussions and comments 

In this paper, I studied models with a three-index variable and discussed whether they 
can be used as models for dynamical fuzzy spaces. The classical solutions of the models 
contain many solutions with Lie group symmetries. I considered the solutions with SO(3) 
symmetry as specific examples, and have constructed a scalar field theory on a fuzzy two- 
sphere. The construction in Section^] and |H| would be straightforwardly applied to the 



general SO(n) group to obtain the fuzzy complex quadratics discussed in [17|. 

The Lie group symmetries can be different from the orthogonal group, provided that 
the invariant tensors can be taken real. Moreover even in the SO (3) case, the model 
contains other solutions than what were used in the construction of a fuzzy-two sphere. 
It would be obviously interesting to find the interpretation of the other solutions as fuzzy 
spaces. 

In the construction of a scalar field theory on a fuzzy two-sphere in Section || the scalar 
field was introduced as an additional degree of freedom, and the construction was rather 
adhoc. It is clear that the dynamics of C a t> c and g ab is more interesting. One could analyze 
their quadratic fluctuations around the classical solutions. Some of the fluctuations would 
be identified as scalar fields, and higher-spin fields would be also found. One might suspect 

2 Since the model has no scales, only a relative scale is physically relevant. 
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that the models contain too many fields, but this might turn out to be nice, since it was 
recently argued that higher-spin fields must appear in gauge theory on non-associative 



Actions were not explicitly given, because the main interest of this paper was the 
classical solution. On the other hand, actions will be needed to perform the analysis 
in the preceding paragraph and also to study the quantum properties of the models. The 
quantum process could describe the transitions between distinct fuzzy spaces with different 
symmetries, and is worth to study. Considering a real action with complex variables would 
be also interesting, since the discussions on real variables in this paper can be essentially 
applied also to the complex case and the solutions can be constructed more freely. 

The argument about the fuzzy general coordinate transformation has remained incon- 
sistent. In the discussions about the fuzzy general coordinate transformation in Section|2|, 
f a denote the functions on a fuzzy space. However, in the successful construction of the 
scalar field theory in Section |5|, the scalar field has two indices and cannot be identified 
with f a . Another formulation of field theory consistent with the argument or another 
interpretation of the fuzzy general coordinate transformation seems to be required. 

It is shown in Section |3| that a lot of solutions can be constructed from the invariant 
tensors of Lie groups. A question is how many of the solutions have the Lie group symme- 
tries. If most of the solutions do, it would be interesting to use the models as fuzzy higher 
dimensions |p0| -[p^1 to explain the origin of the symmetries in our world. Incorporation of 
fermionic degrees of freedom and supersymmetry will be also interesting as phenomenology. 
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